COMMUNICATIONS IN INFORMATION AND SYSTEMS
Volume 14, Number 4, 213-242, 2014

Theoretical aspects of mixed volume
computation via mixed subdivision

TIANRAN CHEN*, TIEN-YIEN L1* AND XIAOSHEN WANG

We analyze the computation of mixed volume of tuples of poly-
topes via fine mixed subdivisions. This method expresses the mixed
volume as a sum of easily computable standard volumes of poly-
topes called mized cells. Mixed cells play a critically important
role in polyhedral homotopy continuation methods, which in turn
are a particularly efficient numerical method for the solution of
systems of polynomial equations. We provide a complete and self-
contained account of the underlying computational convexity tech-
niques, assuming no background in algebraic geometry.

1. Introduction

Throughout this article, n represents an arbitrary but fixed positive integer.
For a set A C R™, we denote its closure, interior, boundary and convex hull
by A, int A, A and conv A respectively. For two sets A, B C R™, A+ B
denotes their Minkowski sum [25] {a +b : a € A and b € B} C R™. With
a positive real number A and a set A C R™, the scaling of A by the factor
A is simply the result of applying the scaling to each point of A, that is,
AMA={)Xa : a € A}. Furthermore, Vol, A is the standard volume of R",
and (-,-) stands for the standard Euclidean inner product on R™.

For i =1,...,n, let S; be a finite subset of R™ and Q; = conv S;. Our
interest will be focused on the m-tuple of sets S = (S,...,S,) and the
n-tuple of convex polytopes Q = (Q1,..., Q). For positive real numbers
Al, ..., Ap, the n-dimensional volume of the Minkowski sum

MO+ -+ M@ ={Mg + - +\gq, :q€Qifori=1,....,n}

is a homogeneous polynomial of degree n in the variables Aq,..., A,. We
call the coefficient of the monomial Ay X --- X A, in this polynomial the
mixed volume of (Qi,...,9,) [10, 13, 25] , denoted by M(Qy,..., Qy),
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or simply M(Q). The mixed volume of convex polytopes is a classical con-
cept in combinatorial geometry, dating back to works of Minkowski in the
early 1900s. Mixed volume, thanks to its connections to Hodge theory and
toric varieties (see, e.g., [6, 18, 28]), is an important invariant from convex
geometry that has since proved important in numerous applications related
to solving polynomial systems.

Among various approaches to computing the mixed volume M(Q) (such
as [3, 7-9, 24]), we will detail fine mized subdivisions of the n-tuple S =
(S1,...,8y) introduced in [16]. This method produces as a by-product the
mixed cells which play a critically important role in the construction of effi-
cient polyhedral homotopy continuation methods [5, 15, 16, 20, 21, 29] in
solving polynomial systems numerically. Moreover, fine mixed subdivisions
are also constructions of great interest in the context of tropical algebraic
geometry [17] because they help represent intersections of tropical hypersur-
faces [14].

This article is organized as follows: In §2, the concept of fine mized
subdivisions is introduced, followed by an exploration of a very important
property of the fine mixed subdivision, its scaling invariance, in §3. We then
detail the concrete method for computing mixed volume via a (fine) mixed
subdivision in §4. In §5 a method for finding a (fine) mixed subdivision
via generic lifting is discussed which also constitutes a constructive proof
to the existence of a (fine) mixed subdivision. This method reduces the
problem of mixed volume computation into a computation to list all mixed
cells in a mixed subdivision. Special cases where some of polytopes in Q =
(Q1,...,9Qy,) are identical, known as semi-mized cases, are studied in §6. It
indicates that the computation procedure for computing mixed volume can
be modified to take advantage of these special structures. We conclude the
article in §7 with a brief discussion of the concrete formulation of the mixed
cell enumeration problem in terms of linear programming problems.

2. Fine mixed subdivisions

Recall that a convez polytope P C R™ is the convex hull of finite many points
in R™. Since all polytopes considered in this article are convex, they will
therefore simply be known as polytopes. A subset F' of polytope P is called a
face of P if there exists a € R" for which the linear functional f(x) = (o, x)
on R™ attains its minimum over P at F'. In this case, the vector « is called
an inner normal of F. When P is an n-dimensional polytope in R", its
(n — 1)-dimensional faces are called facets of P. A subdivision of a polytope
Q is a collection of polytopes intersecting only along their common faces
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and whose union is the entire Q. As a point of departure, we generalize this
concept to the context of an n-tuple of polytopes.

Definition 1 (Subdivision). A subdivision of § = (S1,...,S,) is a col-
lection D of n-tuples of the form C = (C1,...,C},), called cells, with & #
C; CS; for each i = 1,...,n such that

(a): dim(convC} + -+ convC,) =n for all C € D,

(b): For a distinct pair A, B € D, if (conv A) N (conv B) is nonempty,
then it is a common face of both,

(©): Ue,,...cyep(conv Cy + - -+ + conv Oy ) = conv S.

For each cell C' = (C4,...,C,) € D, we use the notations

type C = (dim (conv C), ..., dim (conv Cy,)),
conv C' = conv Cq + --- + conv Cp,
Vol,, C' = Vol (conv C).

Note that the above conditions describe a subdivision of the single poly-
tope Q=01+ -+ 9, with Q; =convS; for i =1,...,n, with the only
special restriction that each cell in the subdivision must be the Minkowski
sum of n polytopes whose vertices lie in S, ..., S, respectively. B

While a subdivision of Q is important in computing the volume of O
(as long as the volume of each sub-polytope is easy to obtain), in studying
mixed volume computation, it is more important to find the expression of the
volume of the Minkowski sum A Qq + -+ + A\, 9, in relation to the factors
A1, .-+, An. For this purpose, a mere subdivision is insufficient. Explicitly, for
A=(A1,...,\n) € (RT)", we use the notation Ao S for the scaled version
(MS1, ..., AnSy). Similarly, for a cell C' = (Cy,. .., Cy) in a subdivision D of
S =(81,...,8,), we used the notation Ao (C1,...,Cp) = (MCh, ..., \nCh).
An example below will illustrate that a subdivision D of S = (Sy,...,8)
does not, in general, extend properly under such “mixed” scaling operation.
Namely,

AoD:={AoC = (MCL,....,.\,Cp) | C=(Cy,...,Cp) € D}

may not be a subdivision of XA o §. Inevitably, to make a subdivision scaling
tnvariant, which turns out to be a critically important property for our
mixed volume computation, additional restrictions are necessary:
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Definition 2 (Mixed subdivision). A subdivision D of § = (S1,...,Sn)
is called a mixed subdivision if, in addition, it satisfies

(d1): For each cell C = (C1,...,Cp) € D, > ; dim (conv ;) = n,

(d2): For any distinct pair of cells A = (4;,...,A,) and B = (By,..
B,) in D,

*

(conv A) N (conv B) = Z(conv A; Nconv B;).
i=1

Cells of a mixed subdivision are called mixed cells.

As Example 5 below shows, these two conditions are essential in relating
the cells in a subdivision and the volume Vol,, (A1 Q1 + - - - + A\, Q,) by which
the mixed volume is defined.

A mixed subdivision of § = (S, ...,S,,) may be refined via further sub-
division of individual components of each cell. It is computationally advanta-
geous (as Equation (10) will show later) to consider the most refined mixed
subdivision:

Definition 3 (Fine mixed subdivision). A mixed subdivision D of
S =(S51,...,8,) is called a fine mixed subdivision if it also satisfies the
condition

(e): For each cell C' = (C1,...,Cy) € D, conv C; is a simplex of dimen-
sion #C; — 1 fort=1,...,n.

For mixed subdivisions (and fine mixed subdivisions), we then have the
important property of scaling invariance:

Proposition 4. Let D be a (fine) mized subdivision of S = (S1,...,Sn).
Then for any X = (A1,...,\p) € (RT)™, the set

AoD :={AoC=(MNC1,...,\,Cp) | C = (C4,...,C,) € D}
forms a (fine) mized subdivision of Ao S = (MS1,..., \nSn).

This proposition lays the ground for the approach of mixed volume com-
putation we shall discuss in this article. The complete proof of it is somewhat
technical, it will be detailed in the next section. In the following example,
we shall illustrate the importance of the condition (d2). Without it, the
subtlety of nice scaling behavior of the subdivision may disappear.
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Example 5 (Subdivision without condition (d2)). With n = 2, con-
sider two finite subsets S; = {(0,0),(1,0),(0,1)} and S = {(0,0),(1,0),
(0,1)} in R? and their convex hulls Q1 = conv S; and Q3 = conv S as shown
below

and Q; + 9y =

Let A = ({(0,0),(1,0),(0,1)},{(0,0)}), B = ({(0,0), (1,0), (0, 1)}, {(0,1)}),
and C' = ({(1,0),(0,1)},{(0,0),(1,0)}) be three cells of S = (S1,S2). Let
D = {A, B,C}. The convex hull of each cell becomes:

Clearly, dim (conv A) = dim (conv B) = dim (conv C') = 2 and the intersec-
tion of any two is their common face. Furthermore, the union of the three
convex hulls

convA U convB U convC =

is indeed the entire O = Q1 + Qy. Therefore D = { A, B, C'} satisfies the def-
inition of a subdivision (conditions (a),(b),(c)). In fact, since the cells A, B,
and C are of types (2,0), (2,0), and (1, 1) respectively, D also satisfies condi-
tion (d1). But, the failure of condition (d2) for subdivision D can be easily
verified. As a consequence, it may not behave favorably under the mixed
scaling by A = (A1, \2). Namely, for certain scaling A = (A1, A2), Ao D =
(Ao A, Ao B, Ao () may not be a subdivision of Ao S = (A151, A252). The
cells will both separate and overlap as different scaling factors are chosen.

For example, with factors A = (A1, A2) = (1, 2), the scaled version of Q =
Q1+ Q2isA0Q=1-91+2-0Qy:
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But under the same scaling factors the cells separate with the union of their
convex hulls equal to

conv((1,2) o A) U conv((1,2) o B) U conv((1,2)0C) =

It no longer covers the entire Ao Q@ =191 +2- Qs. N
Alternatively, with the scaling factor A = (2,1), Ao Q=2-Q1 +1-Qy
becomes

Under the same scaling, conv((2,1)o A),conv((2,1) o B),conv((2,1) 0 C)
become

respectively. Clearly there are overlaps among the three.

In both cases, the scaled subdivision A o D failed to form a subdivision
of Ao Q@ = A1 Q1 4+ A2Qs. The problem lies in the fact that the subdivision
D of S does not satisfy the condition (d2).

Remark 6. The condition (d2) was absent when the “mixed subdivision”
was originally defined in [16]. It first appeared in [6].

3. Scaling invariance of mixed subdivisions
In this section we will provide a detailed proof of Proposition 4 presented
in the last section, that is: If D is a (fine) mized subdivision of S =
(S1,...,8n), then for X = (A1,..., \) € (RT)™,
AoD:= {)\OC = ()\101,...,)\710”) :C = (Cl,...,Cn) ED}

is a (fine) mized subdivision of Ao S = (A1S1,..., A\nSn).
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In the first place, we define the support function: For a nonzero vector
a € R™ and a compact set P C R™ define

hto P := I;leig (p, ), (P)a :={p € P: (p,a) =hta(P)}.

Here the notation “hty” is used since this function measures the “height”

of the set P in the direction given by a. It is clear that for \; € RT and
compact sets P, CR" fori=1,...,n,

hta()\lpl + -+ AnPn) = AMhto Py + -+ A\ hto P,
MPL+ -+ MP)a=MP)a++\(Pr)a-

Furthermore, for compact sets A, B C R",
hto (AU B) = min{htq(A), ht(B)},
and hence
(AUB)a € (A)aU (Ba.

For a finite set A C R,
(conv A)g = conv (A)q.

For the rest of this section, let D be a mixed subdivision of § = (S, ...,
Sp) and A = (Aq,...,\,) be positive scaling factors. We now explore the
behavior of a mixed subdivision under scaling via the following lemmas.

Lemma 7. For any cell C = (Cy,...,Cp) €D, if x € conv(AoC) then
there exists a unique n-tuple (x1,...,x,) with x; € C; for all i such that
T =ML+ + Ay

Proof. Suppose there are pairs @, x| € convCl,...,z,, x, € conv (), such
that
mz)\lml—l—---—i—)\nmn:Alw'1+---+)\nm;L.

Then \i(x}) —x1) + -+ M\(x), —x,) =0. For each i = 1,...,n, let L; =
span{C; — x;}, then dim (L;) = dim (conv C}). Clearly convC C x + (L; +
«+++ Ly), so dim (conv C) < dim(Ly + - -+ + Ly ). By condition (d1) in the
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definition of mixed subdivision,

n n
dim (convC) =n = Z dim (conv Cj) = Z dim (L;).

i=1 i=1
Therefore the subspaces Ly, ..., L, must be linearly independent. But ) —
x; € L; for each i =1,...,n and M\ (z}) —x1)+ -+ (), — x,) =0, so
each \;(z} — x;) must be zero and hence z = «; foreach i =1,...,n. O

Taking A = (1,..., 1), this lemma implies that for any cell C' = (C4,...,
Cp) € D, each point x € conv C has a unique representation as a sum x =
x1+ -+ x, with @; € convC; for i =1,...,n. So, the scaling map d)l)? :
conv C' — conv(A o C) given by

is well defined as a nonsingular affine map.

Lemma8. Let A= (A,...,A,),B=(B1,...,B,) €D.Ifa1+---+a,€
conv AN conv B withay € conv Aq,...,a, € conv A, thena, € convBy,...,
a, € conv B,.

Proof. Since a1 + - - + a, € conv ANconv B = Y"1 | (conv A; N conv B;) by
condition (d2) in the definition of mixed subdivision, and conv 4; N conv B; C

conv A; for each i = 1,...,n, hence a; € conv A; N conv B; because the rep-
resentation of a; + - - - + a, in conv A must be unique by Lemma 7. There-
fore, for each i = 1,...,n, a; € conv B;. Il

By this lemma, for any point on the common face of two cells, its rep-
resentations in both cells must be identical, which, along with Lemma 7,
implies that every point € € @ = Q; + --- + 9, has a unique representa-
tion of the form x + - - - + @, with x; € Q;. Therefore the scaling map (1)
can be extended to a well defined continuous map qb? : @ — Ao é =\91 +

(2) PR (x) = Mz + - + Ay

where x = 1 + - - - + @, with &; € 9, is the unique representation of & given
by the mixed subdivision D. A direct consequence is that under scaling
neighboring cells remain neighbors:

Lemma 9. For A, B € D, if (conv A) N (conv B) # &, then conv (Ao A) N
conv (Ao B) # &.
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Proof. For A= (Ay,...,A,)and B = (By,...,B,),leta € conv AN conv B,

then @ = a; + --- + a, for some a; € conv A4; for i =1,...,n. But by the
previous lemma, each a; € conv B;. Thus for ¢ =1,...,n, A\;a; is in both
conv \;4; and conv A; B;. Therefore ¢¥ (a) € conv(X o A) N conv(A o B), and
it cannot be empty. ]

Defined in terms of the mixed subdivision D, the scaling map qﬁ? is well
defined and continuous on all of @ = Q1 +--- + Q,,.

Lemma 10. Let A= (A1,...,A,),B=(B1,...,By) €D with conv AN
conv B # @. If a € conv A, b € conv B and a # b, then ¢%(a) # ¢R(b).

Proof. 1f both a and b are in conv A N conv B, then the agreement of gi)?(a)
and ¢¥ (b), both in conv(A o A), would contradict to the unique representa-
tion of ¢} (a) provided by Lemma 7.

On the other hand, if @ & conv ANconv B, let r =71 + --- + r, be any
point in (conv A) N (conv B). Then, since (conv A) N (conv B) is a face of
both conv A and conv B, passing through r there exists a hyperplane H
defined by (a, ) = h for some o € R"™ and h € R such that int(conv A) and
int(conv B) arein H™ :={z € R"|(a,z) < h} and H := {x € R" | (o, ) >
h} respectively. Also, r € (conv A)q and 7 € (conv B)_gq, hence by linear-
ity, 7; € (conv A;)q and r; € (conv B;)_q for each i = 1,...,n. That is, with
a=a1+---+a,andb=b;+---+b,,

(a,a;) > (o, ;) = (o, b;)

for each i = 1,...,n. Therefore

n n

(@, Xoa) =) Afo,a:) > > Nlori) =Y Ao, by) = (o, Ao b).
i=1 i=1 i=1
So, Aoa # Aob, that is, ¢%(a) # ¢¥(b). O

Consequently, fix a cell A € D, for any neighboring cell B € D, the con-
tinuous map ¢% is also one-to-one on (conv A) U (conv B).

With these lemmas ready, we now prove Proposition 4.

Proof of Proposition 4. Let D be a (fine) mixed subdivision of the n-tuple
S=(81,...,8), and A= (A1,...,\,) € (RT)™. For the proof of Ao D :=
{AoC = (MCh,....\Cy) : C=(C1,...,C,) € D} being a (fine) mixed
subdivision of Ao S = (A1S1,. .., A\Sn), conditions (a), (d1), and (e) in
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Definitions 1, 2, and 3 are clearly valid since for a cell C = (C4,...,C),) € D,
the scaling conv C; — conv(\;C;), for each i = 1,...,n is a nonsingular affine
transformation which preserves dimensions of affine spaces. Below we verify

that conditions (b),(c), and (d2) hold.

(b) For condition (b), let A = (44,...,A,) and B = (By,...,B,) be two
cells in D. We first show that conv(A o A) Nconv(Ao B) # @ yields
(conv A) N (conv B) # @. Suppose that conv A N conv B = &. For x €
conv Q and s € [0, 1], define

h(x? 8) = ¢§lfs))\+sl} (iU)

where 1 = (1,...,1). By the continuity we established for the map
#¥ : Q@ — X o Q before, h(z,s) is continuous for each s € [0,1]. Fur-
thermore, since H(z,1) = z and H(z,0) = ¢} (z), so

h(conv A,1) N H(conv B, 1) = (conv A) N (conv B) = @ and
h(conv A,0) N H(conv B,0) = conv(A o A) Nconv(Ao B) # @.

Thus, there exits so € (0,1), for which

h(conv A, so) N H(conv B, s9)# @ and
h(conv A,s) N H(conv B,s) =@ for 0 < sy <s<1.

Let N :={C €D : convC Nconv A # &}, and

G= ( U convC) , T = 0G \ 9(conv S).

CeN

Geometrically, T may be considered a “shell” that separates conv A
and conv B. By Lemma 9, neighboring cells remain neighbors after the
mixed scaling, so h(T, s) remains connected for all s € [0, 1]. Therefore
as s decreases from 1, since h(conv A, s) and h(conv B, s) will meet at
S0, h(conv A, s) and h(T, s) must intersect at some s; € [sg, 1]. But T'
consists of boundaries of neighbors of A, so there is a neighbor cell C' of
A in D and a point € convC' \ conv A such that ¢%()1—51)>\+51](m) €
gbﬁlisl) Atsi] (conv A). This violates Lemma 10. Therefore (conv A) N
(conv B) # &.
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Now, since (conv A) N (conv B) # & is a common face of both conv A
and conv B, by the hyperplane separation theorem, there exists a
nonzero vector a such that

(conv A) N (conv B) = (conv A)q = (conv B)_

We claim that a hyperplane defined by a separates conv(A o A) and
conv(A o B). To prove this, let a’ € (conv Ao A)g, then a’ = A\a; +
-+ Apay, for some a1 € conv Ay, ..., a, € conv A,. By linearity, a; €
(conv A;)q for each i = 1,...,n, and hence a1 + - -- + a,, € (conv A)q
= conv A N conv B. By Lemma 8, a; € conv B; for each 4, and therefore
a' = X\ai+ -+ May, € conv(Ao B). This shows (convAo A)y C
conv A o B. Secondly, if a’ € conv(Ao A)\ (convo A)g, by Lemma
7 there exists a unique list a; € conv A4,...,a, € conv A, such that
a =XMai+---+ M\a,. Then a;+---+a, € conv A\ convB. By
Lemma 10, a’ € conv(X o B). Combining those two parts shows that
the subset of conv(A o A) inside conv(A o B) is exactly (conv(A o A))q.
By a symmetric argument, the only subset of conv(A o B) inside
conv(A o A) is exactly (conv(A o B))_q. Therefore conv(A o A) N conv
(Ao B) = (conv(Ao A))q = (conv(A o B))_q is a common face of both.

We need to show M :=Joep conv(AoC) = Ao Q:=MQ1+ -+
A9y where Q; = convS; for i = 1,...,n. One direction of the con-
tainment is obvious: since for each C' € D, conv(A o C) = Ao conv C C

Ao Q the union is still in Ao Q For the other direction, suppose
M C Ao Q then M has boundary points outside 9(A o Q) Let q €
oM \ d(Ao Q). Then, q is in

9 | conv(xo )\ 0(A0 Q) C [ J d(conv(AoC))\d(Xo Q),

CceD CeD

and there exists a cell C = (CY,...,Cy) € D such that g € d(conv(A o
(). Without loss of generality, assume q lies on a facet of conv(X o C)
but not on any other of its faces. By Lemma 7, there is a unique
list g, € conv(h,...,q, € convC), such that g = A\iq; +--- 4+ A\nq,.
Then g; + - - - + g,, must be on a facet of conv C' but not on any other
of its faces. N

If g+--+4q,€0Q then g+ +4q, € Qa=(L)at+ "+
(Qn)a for some nonzero a € R™ and hence
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q=2Mq,+ -+ g,
€EM(Q)a++ M(Dn)a
= (AO é)a

CI(A0Q),

a contradiction. So, g; +--- +q,, & dQ. Therefore q, + - +gq, must
be on a common facet of conv C' and conv C’ for some other cell C' =
(C{,...,Cl). By Lemma 8, q; € convCy,...,q, € conv (), and there-
fore g = A\1qy + -+ + Mg, is in both conv(A o C) and conv(A o C”).
Indeed, g is in the interior of conv(X o C) U conv(A o C'), contradict-
ing to the assumption that g € 9M. Therefore we can only conclude
that M = Ao Q.

(d2) Let A= (Ai,...,A,)and B = (By,..., B),) becells in D. By condition
(b), conv(X o A) N conv(A o B), if nonempty, is a common face of both
of them, i.e., the intersection is of the form (conv(A o A))q for a € R™.
So

conv(A o A) Nconv(Ao B) = (conv(Ao A))y

= z Ai(conv A; N conv B;).

=1

4. Computing mixed volume via fine mixed subdivisions

Once a fine mixed subdivision D of § = (S1,...,S,) is available, the mixed
volume M(Qy,...,Q,) with Q; = convS; can now be computed. This sec-
tion describes the concrete procedure and provides its theoretical justifica-
tion.

We begin with the volume change of a cell C' € D under mixed scaling
by A= (A1,..., An).
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Proposition 11 (Cell volume under mixed scaling). If D is a fine
mized subdivision, and a cell C = (Cy,...,Cy) € D is of type (ki,...,kn),
then for X = (A1,...,\,) € (RT)"

(3) Vol (Ao ) = A Xk Vo, ().

Proof. Recall that for a mixed cell C = (C4,...,C,) in the fine mixed sub-
division D with type(C) = (k1, ..., kyn), where k; = dim (conv C;), we have,
by definition, k1 + --- + k, = n, and each conv C; is a simplex of dimen-
sion k; = #C; — 1. Write C; = {c}, ... ,c};i} for each i = 1,...,n. We shall
construct an explicit parametrization of points in conv(A o ().

Any point & € conv(A o C) can be written, by Lemma 7, as \jxy + -+ +
An&y, for a unique list of ; € conv C; for ¢ = 1, ..., n. For a fixed ¢, the point
x; can, in turn, be written as a convex combination of {c},.. .,c};i}, ie.,
there exist ¢;0,...,t % > 0 and E?":O ti; =1 such that =; = Z?;O ti,jc;'-.
Therefore

n k;
o (ot
i=1 §=0
Rearranging terms yields

ki

o+ Y tisc; —cp) -

Jj=1

n

n ki ki
4 x=> X\ [Z tigco+ > tis(c) — cé)] => A
i=1 Jj=0 Jj=1

i=1

For each i = 1,...,n, define the n x k; (empty when k; = 0) matrix
(5) V(Ci):=[ci—cf - ¢, —cp.

With these, define the block matrices

(6) V(C)=[V(C1) -+ VI(Cn)]

(7) VA(C) = [M-V(C1) - M- V(Co)]

which are both of size n x (k1 + -+ 4+ k,) =n x n (if k; = 0 then the block
V(C;) does not appear). We may now rewrite (4) as

t ti1

)

(8) mz(Zcé)—kV(C’)- : wheret; = | @ | fori=1,...,n.
i=1

tn ti,k,,

Again, when k; = 0, t; will be absent in (y,...,t,)’. Recall that for each
i, ti0>0,...,tik >0 and Z?’:o ti; =1, hence 0 < Z?":l ti; < 1. So, each
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ti=(ti1,...,tix,)T is a point in the standard k;-simplex Ay, (which would
be a single point if k; = 0). Thus, the affine map 7 : Ag, X --- X A — R"
given by

ty

(9) T(ty,..., t,) = (Z AicZ)) +V(C)-
=1

tn

makes every x € conv(AoC) a point in the image of T. It is clear that
the converse is also true: For every point (¢1,...,¢,) € Ak, X -+ X Ay, ,
T(t1,...,t,) lies in conv(A o C). Furthermore, by the uniqueness of rep-
resentation given by Lemma 7, T' is also one-to-one. Therefore, conv(A o C)
is precisely the image of Ay, x --- x Ay under the affine transformation 7',
and hence

Vol (A o C) = Vol,(conv(A o C)) = | det VA(C)| - Vol (A, X -+ X Ag,)

where V) (C), defined in (7), is the Jacobian matrix of T". Since Vol,, (Ag,) =

k so Vol (Ag, X -+ X Ay, ) = Bkl By (7),
det Va(C) = det [A1 - Vi(C) -+ Ay Vi(O)]

= M1 AR det V(0)

since each V;(C) is a block of size n x k;. It follows that

)\}fl .. .)\Zn
kil ky!

Taking A = (1,...,1) yields the special case

(10) Vol (C) = —— et V(C)]

k! -k,

The assertion of the proposition thus follows by comparing the two equations
above. O
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Proposition 12. If D is a fine mized subdivision of S = (S1,...,Sy), and
A=(A,...,\n) € (RN)™, then, with Q; = conv S;,

(11) Vol (A Q1+ + AnQn) = D AT -+ A Vol (0)
ceD

where for each C € D, (k¥ ..., kS) denotes the type of C, i.e., Vol (A1 Qp +
<o+ A, Qy) is a homogeneous polynomial of degree n in (A1,...,\n).

Proof. By Proposition 4, Ao D ={AoC | C € D} is also a fine mixed sub-
division of A o §. Therefore the volume Vol,, (A1 Q1 + - - - + A, Q) is the sum
of the volumes of the cells in Ao D, and by applying Proposition 11 for-
mula (11) holds.

Also note that for each cell C € D of type (K, ..., kS), condition (d1)
in the definition of fine mixed subdivision requires that k' 4 --- + k& must
be exactly n. Therefore each term in the above polynomial expression has a
(total) degree of n in (A1,...,A,), and hence it is homogeneous. O

It follows that in the homogeneous polynomial Vol,,(A1 Q1 + - -+ + A Qn),
the contribution of each cell in D is a monomial term in Aq,..., A,. Its
coefficient is determined by the volume of the cell, and its exponents are
given by the type of the cell. Recall that, by definition, the mixed vol-
ume M(Qj,...,9Q,) is the coefficient of A\; x -+ x A\, in Vol,, (A1 Q1 + -+ +
AnQn), so, from (11),

(12) M(Q1,...,9Qn) = > Vol (0).

ceD
type(C)=(1,....1)

Moreover, since D is a fine mixed subdivision, each cell C' € D of type

(1,...,1)is necessarily of the form C' = ({¢1, ¢}, ..., {en, ¢, }) where {¢;, ¢}
C S;. So each V;(C), defined in (5), consists of a single column, and

V(C) = [01—0’1 cn—cg]
as defined in (6). Accordingly, from (10),

(13) M(Q1,...,Qp) = Z ‘det[cl—c’l cn—c%”.

({e1,er},-{en,c, })ED
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Remark 13. Formula (12) reveals an important property: The mixed vol-
ume is indeed nonnegative, which is not immediately obvious from its defini-
tion. Moreover, when S consists of integral lattice points the mixed volume
M(Q) is an integer and in fact counts the generic number of complex roots
of a polynomial system as in the BERNSHTEIN’s theorem [1, 16, 23, 27].

The above construction suggests a clear strategy for computing mixed
volume: With a fine mixed subdivision of § = (S, ...,S,), one may system-
atically enumerate all the mixed cells of type (1,...,1), and then the sum
of the volume of all these cells as given in (10) is precisely the mixed volume

M(Q1, ..., Q).
5. Mixed subdivisions induced by generic lifting

We now discuss a constructive procedure, developed in [2, 16], with which a
fine mixed subdivision of S = (Si,...,S,) can be found.

For each 1 =1,...,n, let w; : §; — R be a function that assigns each
point in S; a real number. The function w := (wq,...,w,) is known as a
lifting function on § = (Sy,...,S8,). For each i =1,...,n, consider the
“lifted” versions of S; and conv S given by

Si i ={(a,w(a)):a € S;} and convS:= S + -+,

respectively. Let 7 : R"*!1 — R” be the projection by erasing the last coor-
dinate, so W(SZ) = §; for each i =1,...,n, and 7(conv S) = convS.

Consider the polytope convS’, now in R"*!. We are interested in its
“lower hull” with respect to the projection m: A vector & € R™*! is said
to be upward pointing if it has positive last coordinate. Without loss of
generality, we may assume the last coordinate of an upward pointing & is
1, that is, & = (ag,...,a,, 1) € R A face F of conv S is called a lower
face if its inner normal is upward pointing, namely, there exists an & =
(a1,...,an,1) € R""! such that F' = (conv S)g. It is important to note that
for a lower face E of conv S, by linearity,

F = (convS)g = (convSy)g + - - - + (conv S, )a

for some upward pointing normal é. In other words, a lower face of conv & is
necessarily a Minkowski sum of n lower faces of conv 31, ...,conv Sn respec-
tively sharing a common inner normal of the form & = (aq,...,ay,1). The
lower hull of conv S is the collection of all of its n-dimensional lower faces.
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We shall impose a “genericity” condition on the lifting function. To
facilitate the discussion, the following notation will be used: Fix any i €
{1,...,n} and a subset X; = {@i1,...,&;im,} CS;, containing m; points
for some m; > 0, define

33;2 - 332‘;1 wi(xin) — wi(®Ti2)
(14) V(X;) = b3 . ol and Q(X;)= i(®i1) i(@i2)
'Tsz - 5’3;,1 wi(xi1) — wi(Tim,)

Definition 14. A lifting function w = (w1, ...,wy,) for S = (Si1,...,S,) is
said to be generic if for any choice of n (possibly empty) subsets X; =

{zi1,...,xim,} CS;fori=1,...,n with m; > 0 the linear system
V(Xy) Q(Xy)
V(X QX

(15) (.2) o — (.2)
V(Xy) Q(Xn)

in a has an isolated solution only when the rank of the matrix on the left
equals the number of its rows. Note that if the subset X is empty, the blocks
V(X;) and Q(X;) will not appear in the above equation.

Remark 15. One important observation is that almost all liftings are
generic in the sense of Definition 14, justifying the choice of the terminology.
More precisely, for each ¢ =1,...,n, we can identify w; : §; = R with its
images and consider w; as an element in R where N; = #S;. Similarly, we
consider w = (w1, ...,w,) as an element in RV where N = Ny +--- + N,,.
If w is not generic, then there exists a choice of n (possibly empty) sub-
sets {@i1,...,&im,} CS;fori=1,...,n with m; > 0 for which the rank of
the matrix on the left hand side of the linear system (15) is less than the
number of its rows but the system has a solution. This condition forces w
to be in an affine subspace of lower dimension. Since there are only finitely
many ways of choosing subsets of S1,...,S,, the set of non-generic liftings
is thus contained in a finite union of lower dimensional affine subspaces of
RY determined by the points in S. This set is necessarily of measure zero.
Indeed, this set is closed and nowhere dense. This is of great practical impor-
tance: one can choose a lifting at random, then the probability of choosing
a non-generic one is zero.
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Proposition 16 (Induced fine mixed subdivisiqn). Let w = (w,...,
wy) be a generic lifting for S = (S1,...,8y), and let D, be the collection of
all C = (Cy,. ..,Cn) with C; C 8; for eachi=1,...,n such that

1) conv C; is a face of convS; for eachi=1,...,n;
2) The n faces conv C; of conv Sy, ..., convS, respectively share a com-
mon inner normal of the form & = (ay, ..., an,1); and

3) dim(conv(C)1 + - - - + conv(C),) = n.

Then the projection
Dy = {(7(C1),...,7(Cy)) | C = (Ch,...,Cy) € Dy}

form a fine mized subdivision of S = (S1,...,Sy), called the fine mized
subdivision induced by the lifting function w = (w,...,w).

Proof. We shall prove D,, satisfies the conditions (a),(b),(c),(d1),(d2) and
(e) in Definitions 1, 2, and 3 of a fine mixed subdivision of S = (Sy,...,Sy).

(a) We need to show that for any C = (C1,...,C)) € Dy, dim (conv C) =
n. Since conv C is a lower facet of convS , there exists a vector & =
(e, 1) € R™" such that conv C' = (conv S)g. Now suppose dim (conv C)
< n, then convC' must lie in some hyperplane in R", that is, there
exists a vector 3 € R"™ such that convC C {x € R" : (z,3) = h} for
some h € R. Then for any & = (21, ..., Zn41) € conv C, @ == 7((z1,. ..,
Zny1)) € conv C, and so (&, (3,0)) = (&, B) + 2p41 - 0 = h. Thus conv C
satisfies two independent linear equations in R™*!:

(@, (a,1)) = htg (conv C)

and its dimension is therefore at most n + 1 — 2 = n — 1, contradicting
to the fact that conv C is a facet of an (n + 1)-dimensional polytope
conv S by construction. So conv C' must be n-dimensional.

(b) For any two distinct cells A, B € D,,, if F = (conv A) N (conv B) C R"
is nonempty, we need to show that F'is a common face of both conv A
and conv B. Let F' := conv A N conv B C R+, Clearly, F'is a projec-
tion of £’ onto {ens1}* where e, 11 = (0,...,0,1)T € R**!. By defini-
tion, conv A and conv B are lower facets of conv S , so there exist vec-
tors & = (e, 1) and 8 = (8,1) in R™*! such that conv A = (conv S)4
and conv B = (conv S’)ﬂ Let h; = htg(convS) and hy = ht 5(conv S).
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~ ~

For any « € F, there exists ¢ € R such that € = (x,t) € F = conv A
N conv B. Thus

h=(@,&) = (,a) +t,  hy=(2B)=(x,B)+t.
Taking the difference of these two equations yields
<£L',,3 - a> = h2 - hlu

which holds for any « € F. For any x € conv A \ F, there exists s € R
such that & = (z, s) is in conv A but not in conv B. Consequently,

h=(Z,&)=(z,a) +s,  hy<(Z,8)=(x,B)+s.
Again, taking the difference of these two equations results in
(,8—a) > hy — hy.

Therefore the linear functional (e, 3 — a) minimizes over conv A at
F, and hence F' is a face of conv A. By the same argument, functional
(e, a — (3) minimizes over conv B at F', and hence F is a face of conv B
as well. Therefore F' is a common face of conv A and conv B.

We need to show (Joep_ convC = convS. Clearly, convC C convS
for each C' € D,,, so UCeDw conv C' C conv S. For the other direction,
fix any q € convS, let W = ({g} x R) Nconv S, which is a closed set.
Since convS is a polytope, W must be bounded and hence com-
pact, so £ = min{t € R : (g,?) € conv S} exists. Let q = (g, £), then
q € 0 (conv S), so there must be an n-dimensional facet F' of convS
containing q. We shall show that F' is indeed a lower facet.

First, if dim(convS) = n, then all faces are lower faces. Other-
wise, let & = (a1, ..., au41) be the inner normal of F. For € > 0 small
enough so that (g, £+ €) € convS, then

<(q7£ + 6)’ d> = <q’ d> +e-anpr > <€I? d>
since (e, &) minimizes on conv S at F. This implies ay41 > 0. There-

fore F is a lower facet, and so there is a cell C' € D, such that conv C =
F'; in particular, g € conv C. Therefore Ucep, conv C 2 conv S.
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(d2) Letcells A= (Ay,...,A,),B=(By,...,B,) € D, with F := (conv A)

(e)

(16)

N (conv B) being nonempty. We shall show

conv ANconv B = Z(conv A;) N (conv By).
i=1

One direction of the containment is obvious: since for any collec-
tion of x; € (conv A;) N(conv B;) fori=1,...,n, x =21+ -+ @,
is in both conv A and conv B and hence ) ;" | (conv A;) N (conv B;) C
(conv A) N (conv B).

For the other direction, since conv B is a lower facet of convS , let
8= (B,1) € R"*! be its inner normal, then

n

conv B = (convS)B = Z(conv&)a with (5})5 = conv B;.
i=1

Picking any a € F, consider its corresponding a € (conv A) N (conv B).
Then a = a1 + --- + a, for some a; € conv A;. Moreover, a € conv B
implies

(@,B) =Y (ai,B) = htz(convS) = Y hig(conv§;).
=1

i=1

But for each i =1,...,n, <&i,B> > htB(COHV S’Z) Therefore (di,B) =
htB(conV S;)fori =1,...,n, and hence each a; € (conv 31)5 = conv B;.
Consequently, a; € (conv Aj) N (conv Bﬂ for each ¢ =1,...,n, thus
a=>7",a;€y . (convA;)N (conv B;). Projection via 7 yields a €
> i (conv A;) N (conv B;) and therefore

(conv A) N (conv B) C Z(conv A;) N (conv B;).
i=1

Foracell C = (C1,...,Cy) € Dy, wefixaniin {1,...,n} and consider

C; only. Let m; = #C; — 1, then C; = {Ci70, .. .,Ci,mi} C S;. Let a =
(o, 1) be an inner normal of conv C' in convS. Then

(15,60 =((cij,wilciy)), (o, 1)) =(c; j, @) +wi(c; ;) =htg (conv ;)
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for each j = 0,...,m;. This can be written as
T T
Ci1—Cpo wi(cip) —wilcin)
(17) : a = :
T T
Cim, — Cip wi(eio) — wi(cim,)
Suppose conv C; is not a simplex, then those m; points ¢;g,..., Cim,

must be affinely dependent. It follows that matrix on the left hand
side of the above equation is of rank less than m;. This contradicts to
the genericity of the lifting (Definition 14).

(d1) Fixacell C = (Cy,...,Cy) € D, with C; = {co, ..., cm, } where m; =
#C; — 1 for each i = 1,...,n. Assume condition (e) is already satis-
fied, that is, for each ¢ = 1,...,n, conv C; is a simplex of dimension
m;. Then it is enough to show that my + - +m, = n. Let & = (e, 1)
be an inner normal of conv C' in conv S. Then é satisfies (16) for each
i=1,...,nand j =0,...,m;. Similar to (17), these equations can be
combined into

clT,l - C1T,o wi(e1) —wi(ern)

C1T,m1 - ClT,o wi(cr) — wilcim,)
: = :

Cr—zr,l - c’r—zr,O wn(€n,0) — wnlcn1)

Chmy — €0 wn(€n0) — wn(enm,)

Here, the matrix on the left hand side of the above equation is of the
size (my + - - - + my) x n. By the genericity assumption (Definition 14)
the rank of this matrix must be my + - - - + m,,. Therefore mq + --- +
My, < N.

Recall that condition (a) asserts dim (conv C')=n. Since mj+-- -+
my, = dim (conv C7)+- - -+dim (conv C},) > n, thus m+---+m, = n.

Therefore D, satisfies condition (a)-(e) in Definition 1, 2, and 3, and
hence it is a fine mixed subdivision for S. [l
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6. The semi-mixed case

The n-tuple S = (Si,...,S,) is called semi-mixed of type (r1,...,7m)

when §;’s are not all distinct, but they are equal within m blocks of sizes

1y, m, i.e., there are m sets SU ..., S0 ¢ R™ such that S® = Si1 =
- = &;,r, where

Sij €{S1,---, S} for 1<i<m, 1<j<rm,

and r1+---+ 7, =n. S is called unmixed if m =1, i.e., when all the
S!s are identical. S is called fully mixed if m =n, i.e., when the S/s
are distinct. We abbreviate S = (SW,ry; S@) ry; -3 SO 1) and Q =
(QW 71 Q@) rgsoo s QUM ), with Q) = convS® fori=1,...,m.

To calculate the mixed volume of a semi-mixed system S = (S, ry;
S@ py: oo S(m),rm), one may, of course, follow the standard procedure
described in §4 without paying a special attention to its semi-mixed struc-
ture. However, when this special structure is taken into account, a revised
procedure may be developed with a great reduction in the amount of compu-
tation, especially when S is unmixed such as the nine-point path synthesis
problem for four-bar linkages [30] in mechanical design.

Now, the mixed volume M(QW r1; QP ro:--.: Q™ 1) is, by def-
inition, the coefficient of [[iL; A1 I[;7) Am,; in the expansion of the
homogeneous polynomial

Vol, [ 373 009 | =vol, [ ST (30 | @@
i=1 j=1 i=1 \j=1
Let
,81' = Z)\i’j for i = 1,...,m,
j=1
then the above expression becomes
R(B1, ..., Bm) = Voln(B1QY + 5,07 + -+ + 8,,Q™)

which is a homogeneous polynomial of degree n in the (5;’s. Notice that by
the multinomial expansion,
k

B = z;)‘ij = Z tlg...tr_!l_ll)‘g"
Jj= tg=

ti+-+t, =k
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Therefore a monomial in 5;’s can be expanded as

m

k;! LI
fl.'-ﬁfn’":H Z til!..z‘ '1_11)\2] :
J:

tir.!
=1 \ta++ti, =k it .

Clearly, such an expansion involves the monomial [, H;lzl A1,j precisely
when ¢; ;=1 for all i=1,...,m and j=1,...,r; which yields k; =
> ity tiy =5, 1= r;. Therefore in

T'm

RBr,. B) =R D Mg s oo [ DA | |
=1 j

J=1

only the monomial fy" --- By involves [[iZ, [[;L; Aij in which it appears
with coefficient rq! -+ r,,!.

Proposition 17. For semi-mized system S = (8(1), r; 8@ rg o S
Tm), the mized volume M(Q(l),rl; 0@ ry:... ;Q(m),rm) is the coefficient
of B1* -+ B in the polynomial

Vol,, (5191 + ,0% + ... + 3,00™)
divided by r1! -+ rpl.

To utilize this observation in mixed volume computations, we slightly
extend the framework of cells in which the mixed subdivision is defined
for the Minkowski sum of polytopes in previous sections. With S being a
finite subset of R™ for i = 1,...,m, and m < n, a cell of the m-tuple S =
(SMW, ..., 8M) is now an m-tuple C' = (C4,...,Cy,) of nonempty subsets
C; € 8. With similar notations

type C' = (dim (conv C), . ..,dim (conv Cy,))
convC =convCy + ---+ convC,,
Vol,, C' = Vol,(conv C),

we give the following:
Definition 18 (Fine semi-mixed subdivision). A fine semi-mixed

subdivision of the m-tuple S = (S, ..., 8™) is a collection D of cells of
S such that
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(a): dim (conv C) =n for all C € D;

(b): For a distinct pair A, B € D, if (conv A) N (conv B) is nonempty,
then it is a common face of both;

(¢): Ugep conv C = conv SW ... 4 conv S,
(d1): For each cell C = (Ch,...,Cy) € D, Y " dim (conv C;) = n
(d2): For distinct pair of cells A = (Ay,..., Apn), B = (B1,...,Bn) €D,

(conv A) N (conv B) = Z(conv A; N conv B;);
i=1

(e): For each cell C' = (C4,...,Cy,) € D, conv C; is a simplex of dimen-
sion #C; — 1 fori=1,...,m.

Notice that replacing all the m’s by n in the above yields exactly the
same fine mized subdivision in Definition 1, 2, and 3. Most importantly,
the properties of fine mixed subdivisions proved in §2 can be preserved with
minor adjustments. In particular, the scaling invariance of a fine semi-mixed
subdivision remains valid:

Proposition 19. If D is a fine semi-mized subdivision of the m-tuple § =
(SW, ..., 8™, and B = (B1,...,Bm) € (RT)™, the set

BoD:={BoC=(pC,...,0mCn) : C=(C,...,Cy) €D}
forms a fine semi-mized subdivision of B0 S = (518W), ..., BnS™).

Also, similar to (11), the volume Vol,, (31 oW 4+ 5,0 4 ... 4 ﬁmQ(m))
can be expressed in terms of volumes of cells of a fine semi-mixed subdivision:

Proposition 20. If D is a fine semi-mixed subdivision of the m-tuple S =

(8W,...,8(M), and B = (B, ..., Bn) € RT)™

(18) Vol (8190 + -+ ,0) = 3 BT - 8k Vol (O)
CceD

where (k§, ..., kS) denotes the type of C = (C1,...,Cp) € D.
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Similar to (6), in this semi-mixed context we define
(19) V(C) = [V(C1) - V(Cn)]

in which the block V(C;) will not appear if #C; = 1. When D is a fine semi-
mixed subdivision, similar to (10), the volume of a cell C' = (Cy,...,Cp,) €
D can be computed via the formula

Vol (C) = | det V(O]

AR of|

where (k¢ ..., k$) = type(C). This yields the expression of the mixed vol-
ume of a semi-mixed system as a generalization of (12):

Proposition 21. Let D be a fine semi-mized subdivision of the semi-mized
system S = (SW 7y : S 1), The mized volume M(QW ;- ; QM)
Tm) of this system is

200 M(QW,r1; 0@ ro;-e s QMM ) = z |det V(C)],

CeD
type(C)=(r1,ce;Trm)

with V(C) as defined in (19).

Moreover, similar to inducing a fine mixed subdivision for the fully mixed
case S = (S1,...,8n) by a generic lifting function as described in §5, the
same procedure can be followed almost line by line to construct a induced
fine semi-mixed subdivision for a semi-mixed system S = (S @ pyy e S,
Tm). Hence Proposition 16 can be generalized to the semi-mixed system:

Proposition 22 (Induced fine semi-mixed subdivision). Let w =
(W1, ..., wm) be a generic lifting function for the m-tuple S = (SM, ..., S(™),
Define

S = {(a,w;(a)) : a e SV},
foreachi=1,....,m. Let Dy, be the collection of all C = (C’l, e C’m) with
C; € S8Y for eachi=1,...,m such that

1) conv C; isa face of convS; for eachi=1,...,m;
2) The m faces conv C; of convS® fori=1,...,m respectively share a
common inner normal of the form & = (aq,...,an,1); and

3) dim (conv C} + - - - + conv Cp,) = n.
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Then the projection of D,

Dy = {(x(C1),...,7(Cp))) : (C1,...,Cn) € Dy}

form a fine semi-mized subdivision of S = (SW, ..., 8™, and it is called
the fine semi-mixed subdivision induced by the lifting function w.

7. Enumeration of mixed cells

The crux of our strategy for calculating mixed volume M(QW, ry; - ;
Q™) r,.) of a semi-mixed system S = (SM),ry; -+ ; S ), where Q) =
convS®, is the identification of the mixed cells of type (r1,...,7y,) in
the fine semi-mixed subdivision D,, induced by the generic lifting function
w = (w1,...,wp) as provided by Proposition 22. Algebraically, a mixed cell
C € D, of type (r1,...,rn), is an m-tuple

(21) c = ({a’,...,aM}, ..., {ai™, ... almy)

©) rvn

with agi) eS@W fori=1,...,mand j=0,...,r; for which there exists an

a=(aj,...,a,) € R" such that for each i =1,...,m,

,a) forj=0,...,7;

(22) ) A .
),a) < {a,a) for a € 8%
where & := (a,1)" = (ay,...,an,1)T. This algebraic description of mixed
cells in D, of type (r1,...,7y) is the basis on which mixed cell enumeration
algorithms are developed: the problem is now reduced to a search problem
for choices of 71,...,7ry, points from SM, ... S respectively for which
the system of inequalities (22) has a solution. There are several approaches
to carrying out such search. One of the most efficient class of algorithms is
based on the idea of systematic “extension of subfaces”.

This scheme first locates the r1-dimensional lower faces of OW that is,
the faces of Q; that has an inner normal with 1 being the last coordinate.
These faces are known as level-1 “subfaces”. Namely, one first finds all pos-

sible choices {aél), e ,ag)} of 1 + 1 points in S for which there exists
an & = (aq,...,an,1)" € R™! such that

(1) - (1) - .

a,’,a)={(a;’',& forj=0,...,r
) @l a) = (@.a) for g 1

@, a) < (a,a&)  for aeSW .
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The testing for the existence of solutions for the above system of inequal-
ities is generally known as the “Phase I”, or feasibility, problem in Linear
Programming.

Then for each of these level-1 subfaces, systematic attempts are made
to “extend” it by finding a ro-dimensional lower face of O so that the
two lower faces (of Ql) and Q(Q) respectively) can share a common inner
normal of the form & = (aq,...,a,,1)" of both OM and O@. That is,
fixing a level-1 subface defined by a(gl), ey ag) one attempts to find a ro-
dimensional lower face conv{d(()z), e dg)} of 9 with d§»2) e 8@ for each
j =0,...,7r9 such that the system (23) and the system

24 @y, a)=(@\?,a) forj=0,...,m
@’ &) <(aea)  for aecS®
have a common solution & = (a1, ...,a,,1)T € R"1. The testing for the

existence of a common solution is, again, a classical Phase I problem in Lin-
ear Programming. Note that this enlarged system of (23) and (24) may not
have a solution for all choices of {déz), cee dg)} C 8@, In this case, no lower
face of O can extend the chosen level-1 subface, and the extension attempt
will be restarted on some other level-1 subfaces. On the other hand, the pos-
sible r9-dimensional lower faces of Q(Z) that can extend the chosen level-1
subface may not be unique, and each of such possible extension is known as a
level-2 subface. They will be extended further individually into possible level-
3 subfaces. This process may continue until one reaches level-m subfaces,
each of which is an m-tuple of lower faces of O, ..., O™ with dimensions
r1, ..., m respectively that share a common inner normal vector of the form
é& = (ai,...,an,1)T. This is precisely a cell in D, whose projection (by eras-
ing the last coordinate) is a fine semi-mixed cell of type (ri,...,ry) in D, as
given in Proposition 22. Once all such mixed cells of type (r1,...,n) have
been found, the mixed volume M(Q(l),rl; cees Q(m),rm) of a semi-mixed
system S = (SW,r; - ; S ) can be computed via formula (20).

This scheme of “extension of subfaces” has been developed into a class
of efficient, robust, and highly parallel algorithms which have been imple-
mented in software packages such as [4, 11, 12, 19, 22, 26].
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